Ground State of Supermembrane on PP-wave by Nakayama, Noriko et al.
ar
X
iv
:h
ep
-th
/0
20
90
81
v2
  1
8 
Se
p 
20
02
KUCP-0217
hep-th/0209081
Ground State of Supermembrane on PP-wave
Noriko Nakayama†a, Katsuyuki Sugiyama∗ and Kentaroh Yoshida†b
†Graduate School of Human and Environmental Studies,
Kyoto University, Kyoto 606-8501, Japan.
E-mail: a nakayama@phys.h.kyoto-u.ac.jp
b yoshida@phys.h.kyoto-u.ac.jp
∗Department of Fundamental Sciences,
Faculty of Integrated Human Studies,
Kyoto University, Kyoto, 606-8501, Japan.
E-mail: sugiyama@phys.h.kyoto-u.ac.jp
Abstract
We consider the ground state of supermembrane on the maximally supersymmetric pp-wave
background by using the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. In the pp-
wave case the ground state has non-trivial structure even in the zero-mode Hamiltonian, which
is identical with that of superparticles on the pp-wave and resembles supersymmetric harmonic
oscillators. The supergravity multiplet in the flat case comes to split with a certain energy
difference. We explicitly construct the unique supersymmetric ground-state wave function
of the zero-mode Hamiltonian, which is obviously normalizable. Moreover, we discuss the
nonzero-mode Hamiltonian and construct an example for the ground-state wave function with
a truncation of the variables. This special solution seems non-normalizable but its L2-norm
can be represented by an asymptotic series.
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1 Introduction
Recently, strings and M-theory on the pp-wave have been greatly focused on. The maximally
supersymmetric pp-wave background in eleven dimensions [1] (KG solution) is one of the can-
didates for M-theory background. This background is achieved from the geometry of AdS4×S7
or AdS7 × S4 [2] via the Penrose limit [3]. Similarly, the maximally supersymmetric type IIB
pp-wave background was found [4], on which the string theory is exactly solvable [5,6,7]. More-
over, this string theory was used in the context of the AdS/CFT correspondence between the
string spectra and the operators in Yang-Mills side [8].
Furthermore, the matrix model on the pp-wave was proposed in Ref. [8]. Originally, its
action is obtained from the study of superparticles. In the flat space, the supermembrane
theory [9, 10, 11] leads to the matrix model through the matrix regularization [11], which is
considered as a candidate for M-theory [12]. Following the same procedure, the matrix model
on the pp-wave can be also obtained from the supermembrane [13]. It was also shown that the
superalgebra of the matrix model agrees with that of the supermembrane [14] as in the flat
case [15].
In our previous works, we studied the supermembrane on the pp-wave from several aspects.
In Ref. [16] we investigated BPS conditions of the supermembrane. The BPS states in the
matrix model on the pp-wave have been intensively studied [17]. It was also shown in Ref. [8]
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that the giant graviton as a classical solution can exist due to the presence of the constant
R-R flux [18]. Then, in particular, we showed the quantum stability of the giant graviton
(supersymmetric fuzzy sphere solution) and instability of the non-supersymmetric fuzzy sphere
solution in Ref. [19]. As well as by our work, the classical solutions in the matrix model have
been widely investigated [20]. Moreover, in Ref. [21] we also derived the less supersymmetric
background with 24 supercharges from the KG solution and studied the type IIA string from
the supergravity analysis and the double dimensional reduction [22]. Furthermore, we also
investigated matrix string theories. The supersymmetries of the above type IIA string were
initially discussed in [23].
In this paper we will continue to study the supermembrane on the pp-wave and consider the
ground-state wave function of the supermembrane on the pp-wave by the use of the quantum-
mechanical procedure of de Wit-Hoppe-Nicolai [11]. It is well-known that a single supermem-
brane in the flat space is unstable [24]. This instability is inherently based on the continuous
spectrum of this system. However, the action of the supermembrane (or matrix model) on the
pp-wave contains the bosonic and the fermionic mass terms and the Myers term, and hence it
would be possible to expect that the spectrum of the system might be discrete or that a single su-
permembrane might be stabilized. Thus, it would be very interesting to study the ground state
or spectrum of this system. To accomplish this, the complex-spinor notation (Spin(7)× U(1)
formalism) will be introduced. We calculate the superalgebra of complex supercharges. Then,
we will investigate the zero-mode Hamiltonian of the system, whose spectrum is non-trivial in
contrast to the flat case. This system is identical with the abelian matrix model describing
the motion of superparticles on the pp-wave. The Hamiltonian resembles the supersymmetric
harmonic oscillator but the supercharges do not commute with the Hamiltonian. The super-
gravity multiplet 128 (boson) + 128 (fermion) in the flat space comes to split non-trivially.
As a result, a unique supersymmetric ground state is left, and all the other states are lifted up.
Also, we show that the zero-mode Hamiltonian is positive definite and explicitly construct the
ground-state wave function for the zero-mode Hamiltonian. It is represented by the product
of the ground states of the bosonic harmonic oscillators and the fermionic variables. For this
ground state, both the orbital and the spin angular momenta of SO(3)× SO(6) vanish.
Furthermore, we investigate the nonzero-mode Hamiltonian and its ground-state wave func-
tion. For example, by truncating the variables, the supersymmetric ground-state wave func-
tion is explicitly constructed in the SU(2) matrix model case. This ground state seems non-
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normalizable, but its L2-norm can be represented by an asymptotic series with respect to 1/µ3.
The zeroth order term corresponds to the kinematical contribution to the ground state, while
the corrections with the powers of 1/µ3 are related to the dynamical contributions arising from
non-diagonal elements of matrix variables. In the IR region, the matrix variables are restricted
to the abelian part. From these considerations, it might be understood that the dynamical
effect tends to spoil down the normalizability of the zero-mode ground state as the system
flows from the IR region to the UV one, at least in our example.
This paper is organized as follows. In section 2 we introduce the complex-spinor notation by
following the quantum-mechanical procedure of de Wit-Hoppe-Nicolai. Section 3 is devoted to
the study of the zero-mode Hamiltonian of the system. We can obtain the spectrum, and con-
struct the unique supersymmetric ground state. Also, the positive definiteness of the zero-mode
Hamiltonian is shown. In section 4 we discuss the nonzero-mode Hamiltonian and construct an
example of the ground-state wave function with the truncation of the variables in N = 2 case.
Its L2-norm can be represented by an asymptotic series. Section 5 is devoted to conclusions
and discussions. In appendix, we discuss that the ground state of the zero-mode Hamiltonian
is an SO(3)× SO(6) singlet.
2 Supercharges and Superalgebra
In this section, we shall start with our setup and introduce the complex-spinor notation
(Spin(7) × U(1) formalism), which is convenient to study the ground state in later sections.
We will also obtain the complex representation of the superalgebra.
2.1 Setup
The Lagrangian of the supermembrane on the KG background in the light-cone gauge is written
in terms of an SO(9) spinor ψ as
w−1L = 1
2
DτX
rDτX
r − 1
4
({Xr, Xs})2 − 1
2
(µ
3
)2 3∑
I=1
X2
I
− 1
2
(µ
6
)2 9∑
I′=4
X2
I′
−µ
6
3∑
I,J,K=1
ǫIJKX
K{XI, XJ}+ iψTγr{Xr, ψ}+ iψTDτψ + iµ
4
ψTγ123ψ . (2.1)
3
Here “τ” is the time coordinate on the worldvolume and { , } is Lie bracket given using an
arbitrary function w(σ) of worldvolume spatial coordinates σa (a = 1, 2)
{A ,B} ≡ 1
w
ǫab∂aA∂bB , ( a, b = 1, 2 ).
with ∂a ≡ ∂∂σa . Also this theory has large residual gauge symmetry called the area-preserving
diffeomorphism (APD) and the covariant derivative for this gauge symmetry is defined by a
gauge connection ω
DτX
r ≡ ∂τXr − {ω, Xr} . (2.2)
The original symmetries cannot be manifestly seen in the light-cone gauge, but the Lagrangian
(2.1) still has residual supersymmetries,
δǫX
r = 2ψTγrǫ(τ) , δǫω = 2ψ
T ǫ(τ) ,
δǫψ = −iDτXrγrǫ(τ) + i
2
{Xr, Xs}γrsǫ(τ) (2.3)
+
µ
3
i
3∑
I=1
XIγIγ123ǫ(τ) − µ
6
i
9∑
I′=4
XI
′
γI′γ123ǫ(τ) ,
ǫ(τ) = exp
( µ
12
γ123τ
)
ǫ0 ( ǫ0 : constant spinor).
These transformation rules are 16 linearly-realized supersymmetries on the maximally super-
symmetric pp-wave. In taking the limit µ→ 0, we recover the supersymmetry transformations
in the flat space. In the context of the eleven-dimensional supersymmetries, these correspond
to the dynamical supersymmetries. The Lagrangian (2.1) has another 16 nonlinearly realized
supersymmetries,
δηX
r = 0 , δηω = 0 ,
δηψ = η(τ) , (2.4)
η(τ) = exp
(
−µ
4
γ123τ
)
η0 , ( η0 : constant spinor),
which correspond to the kinematical supersymmetries in the eleven-dimensional theory.
In our previous work [14], we derived the supercharges and superalgebra of the supermem-
brane theory on the pp-wave background using the SO(9) formalism. The supercharges Q+ for
the dynamical supersymmetries and Q− for the kinematical supersymmetries are obtained as
4
Noether charges
Q+ =
∫
d2σ w
[
− 2e− µ12γ123τ
(
DXrγrψ +
1
2
{Xr, Xs}γrsψ
+
µ
3
3∑
I=1
XIγIγ123ψ +
µ
6
9∑
I′=4
XI
′
γI′γ123ψ
)]
, (2.5)
Q− =
∫
d2σ w
[
−2ieµ4 γ123τψ
]
= −2ieµ4 γ123τψ0 , (2.6)
where ψ0 is the zero-mode of ψ and we used the normalization with
∫
d2σ w(σ) = 1.
By the use of the Dirac brackets,
{Xr, DτXs}DB = 1
w
δrsδ
(2)(σ − σ′) , (2.7)
{ψα(σ), ψTβ (σ′)}DB = −
i
2w
δαβδ
(2)(σ − σ′) , (2.8)
the superalgebra can be calculated and we obtain the following results
i
{
1√
2
Q−α ,
1√
2
(Q−)Tβ
}
DB
= −δαβ , (2.9)
i
{
1√
2
Q+α ,
1√
2
(Q−)Tβ
}
DB
= i
3∑
I=1
[(
P I0 +
µ
3
XI0γ123
)
γIe
−
µ
3
γ123τ
]
αβ
(2.10)
+i
9∑
I′=4
[(
P I
′
0 −
µ
6
XI
′
0 γ123
)
γI′e
−
µ
6
γ123τ
]
αβ
,
i
{
1√
2
Q+α ,
1√
2
(Q+)Tβ
}
DB
= 2Hδαβ (2.11)
+
µ
3
3∑
I,J=1
M IJ0 (γIJγ123)αβ −
µ
6
9∑
I′,J′=4
M I
′J′
0 (γI′J′γ123)αβ
−2
3∑
I=1
∫
d2σ ϕXI(γ
I)αβ − 2
9∑
I′=4
∫
d2σ ϕXI′
(
γI
′
e
µ
6
γ123τ
)
αβ
,
where we omitted the central charges since these are not discussed in this paper. Here ϕ
describes the constraint condition,
ϕ = w{w−1P r, Xr}+ iw{ψT , ψ} . (2.12)
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The P r ≡ wDτXr and Sα = iwψTα are canonical momenta of the Xr and ψ, respectively. The
M IJ and M I
′J′ are defined by
M IJ = XIP J − P IXJ − 1
2
SγIJψ , (2.13)
M I
′J′ = XI
′
P J
′ − P I′XJ′ − 1
2
SγI
′J′ψ , (2.14)
and the SO(3)× SO(6) Lorentz generators M IJ0 and M I′J′0 are given as
M IJ0 ≡
∫
d2σM IJ , (2.15)
M I
′J′
0 ≡
∫
d2σM I
′J′ . (2.16)
They satisfy the SO(3)× SO(6) Lorentz algebra,
{M IJ0 , MKL0 }DB = δIKMJL0 − δILMJK0 − δJKM IL0 + δJLM IK0 , (2.17){
M I
′J′
0 , M
K′L′
0
}
DB
= δI
′K ′MJ
′L′
0 − δI
′L′MJ
′K′
0 − δJ
′K′M I
′L′
0 + δ
J′L′M I
′K′
0 . (2.18)
The zero-modes of P r(≡ wDτXr) and Xr are written by
P r0 ≡
∫
d2σ wDτX
r , Xr0 ≡
∫
d2σ wXr . (2.19)
Also, the Hamiltonian H is given by
H =
∫
d2σ w
[
1
2
(
P r
w
)2
+
1
4
{Xr, Xs}2 + 1
2
(µ
3
)2 3∑
I=1
(XI)2 +
1
2
(µ
6
)2 9∑
I′=4
(XI
′
)2
+
µ
6
3∑
I,J,K=1
ǫIJKX
K{XI, XJ} − w−1µ
4
Sγ123ψ − w−1Sγr{Xr, ψ}
]
. (2.20)
In the next section, we will introduce the complex spinor notation in order to study the ground-
state wave function.
2.2 Spin(7)× U(1) Formalism
Here we shall introduce the Spin(7) × U(1) formalism following Ref. [11]. Hereafter, we use
the decomposition of the SO(9) gamma matrices into the SO(7) ones as follows:
γi = Γi ⊗ σ2 =

 0 −iΓi
iΓi 0

 , (i = 1, . . . , 7) , (2.21)
γ8 = 18 ⊗ σ1 =

 0 18
18 0

 , γ9 = 18 ⊗ σ3 =

18 0
0 −18

 .
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The above SO(7) gamma matrices satisfy the following relations:
(Γi)
† = Γi , (Γi)
T = −Γi , (Γi)∗ = −Γi . (2.22)
To begin, let us decompose the real 16-component SO(9) spinor into two real 8-component
spinors ψ(+) and ψ(−), which are eigenspinors for the chirality matrix γ9 defined by
γ9ψ
(±) = (±1) · ψ(±) . (2.23)
In this time we can express eigenspinors as ψ
(+)
α = ψα and ψ
(−)
β = ψ8+β (α, β = 1, . . . , 8).
Here, we shall introduce a complex spinor λ defined by
λα = ψ
(+)
α + iψ
(−)
α , (α = 1, . . . , 8) , (2.24)
that is, we express the real 16-component SO(9) spinor as a single 8-component complex spinor
λ. This complex spinor is linearly-realized under the SO(7) × U(1) transformation, which is
the subgroup of the original SO(9). The following expression
ψ =
(
ψ(+)
ψ(−)
)
=
1
2
(
λ+ λ†
−i(λ− λ†)
)
(2.25)
is also useful for rewriting the supercharges.
The bosonic coordinates X8 and X9 are combined into a complex coordinate
Z =
1√
2
(X8 + iX9) , (2.26)
which transforms linearly under the U(1) subgroup. The canonical momentum for Z is given
by
P = 1√
2
(P 8 − iP 9) . (2.27)
By the standard procedure, the Dirac brackets for these variables are given by
{X i(τ, σ), P j(τ, σ′)}DB = δijδ(2)(σ − σ′) , (i, j = 1, . . . , 7) ,
{Z(τ, σ), P(τ, σ′)}DB = δ(2)(σ − σ′) , (2.28)
{λα(τ, σ), λ†β(τ, σ′)}DB = −
i
w
δαβδ
(2)(σ − σ′) , (α, β = 1, . . . , 8).
Next, let us rewrite the supercharge Q+ in terms of the complex spinor λ. We decompose
the supercharge Q+ into (Q+)(±) as
Q+ =
(
(Q+)(+)
(Q+)(−)
)
,
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and define the complex supercharge Q by
Q ≡ 1
2
(
(Q+)(+) + i(Q+)(−)
)
. (2.29)
Thus, after straightforward calculation, we can obtain the expression of the complex supercharge
as
Q =
∫
d2σ e
µ
12
Γ123τ
[(
P iΓi − 1
2
w{X i, Xj}Γij + w{Z, Z¯}
−µ
3
w
3∑
I=1
XIΓIΓ123 − µ
6
w
7∑
m=4
XmΓmΓ123
)
λ
−
√
2 i
(
P − w{X i, Z¯}Γi + µ
6
wZ¯Γ123
)
λ†
]
, (2.30)
and its complex conjugate is given by
Q† = −
∫
d2σ e−
µ
12
Γ123τ
[(
P iΓi +
1
2
w{X i, Xj}Γij + w{Z, Z¯}
+
µ
3
w
3∑
I=1
XIΓIΓ123 +
µ
6
w
7∑
m=4
XmΓmΓ123
)
λ†
−
√
2 i
(
P¯ + w{X i, Z}Γi − µ
6
wZΓ123
)
λ
]
. (2.31)
The superalgebra of these complex supercharges is computed as follows:
i{Qα, Qβ}DB = iµ
3
7∑
m=4
Mm+0 (ΓmΓ123)αβ − 2
√
2i
∫
d2σ ϕZ¯
(
e
µ
6
Γ123τ
)
αβ
, (2.32)
i{Q†α, Q†β}DB = −i
µ
3
7∑
m=4
Mm−0 (ΓmΓ123)αβ + 2
√
2i
∫
d2σ ϕZ
(
e−
µ
6
Γ123τ
)
αβ
, (2.33)
i{Qα, Q†β}DB = 2Hδαβ + i
µ
3
M890 (Γ123)αβ −
µ
3
3∑
I,J=1
M IJ0 (ΓIJΓ123)αβ (2.34)
+
µ
6
7∑
m,n=4
Mmn0 (ΓmnΓ123)αβ + 2
3∑
I=1
∫
d2σ ϕXI (ΓI)αβ
+2
7∑
m=4
∫
d2σ ϕXm
(
Γme
−
µ
6
Γ123τ
)
αβ
,
where the zero-modes of angular momenta M IJ0 , M
mn
0 , M
m±
0 and M
89
0 are rewritten in terms
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of the complex notation as follows:
M IJ0 =
∫
d2σM IJ , M IJ = XIP J −XJP I − iw1
2
λ†ΓIJλ , (2.35)
Mmn0 =
∫
d2σMmn , Mmn = XmP n −XnPm − iw1
2
λ†Γmnλ , (2.36)
Mm+0 =
∫
d2σMm+ , Mm+ =
√
2
(
XmP − PmZ¯)− 1
2
wλΓmλ , (2.37)
Mm−0 =
∫
d2σMm− , Mm− =
√
2
(
XmP¯ − PmZ)− 1
2
wλ†Γmλ
† , (2.38)
M890 =
∫
d2σM89 , M89 = i
(
ZP − Z¯P¯)+ 1
4
w
(
λ†λ− λλ†) . (2.39)
In the above superalgebra, the Hamiltonian H is given by
H =
∫
d2σ w
[
1
2
(
P i
w
)2
+ w−2|P|2 + 1
4
{
X i, Xj
}2
+ |{X i, Z}|2 + 1
2
|{Z, Z¯}|2
+
1
2
(µ
3
)2 3∑
I=1
(XI)2 +
1
2
(µ
6
)2 7∑
m=4
(Xm)2 +
(µ
6
)2
ZZ¯ +
µ
6
3∑
I,J,K=1
ǫIJKX
K{XI, XJ}
−iλΓi{X i, λ†} − 1√
2
(
λ{Z, λ} − λ†{Z¯, λ†})− iµ
4
λΓ123λ
†
]
. (2.40)
The constraint condition is also expressed by
w−1ϕ = {w−1P i, X i}+ {w−1P, Z}+ {w−1P¯ , Z¯}+ i{λ, λ†} . (2.41)
When we contract the spinor indices α and β, the Hamiltonian is represented with the above
supercharges as
H =
1
16
i{Qα, Q†α}DB . (2.42)
Now, we shall move to a matrix representation by replacing the variables with matrices,
according to:
X(ξi) −→ X(τ) ,
ψ(ξi) −→ ψ(τ) ,∫
d2σ w(σ) −→ NTr ,
{ , } −→ −i[ , ] .
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In this case, the Hamiltonian is rewritten into
H = NTr
[
1
2
(
P i
)2
+ PP¯ − 1
4
[
X i, Xj
]2
+
∣∣[X i, Z]∣∣2 + 1
2
∣∣[Z, Z¯]∣∣2
+
1
2
(µ
3
)2 3∑
I=1
(XI)2 +
1
2
(µ
6
)2 7∑
m=4
(Xm)2 +
(µ
6
)2
ZZ¯ − iµ
3
3∑
I,J,K=1
ǫIJKX
IXJXK
−λΓi
[
X i, λ†
]
+
1√
2
i
(
λ [Z, λ]− λ† [Z¯, λ†])− iµ
4
λΓ123λ
†
]
, (2.43)
where the canonical momenta are redefined by P i ≡ DτX i, P ≡ Dτ Z¯, P¯ ≡ DτZ. The variables
are expressed by the U(N) generators TA (A = 0, 1, . . . , N2 − 1, T 0 = 1) as follows:∗
X i = X i01+
N2−1∑
A=1
X iAT
A , P i = P i01+
N2−1∑
A=1
P iAT
A , (2.44)
Z = Z01+
N2−1∑
A=1
ZAT
A , P = P01+
N2−1∑
A=1
PATA , (2.45)
λα = λ0α1 +
N2−1∑
A=1
λAαT
A , λ†α = λ
†
0α1 +
N2−1∑
A=1
λ†AαT
A . (2.46)
Also, the U(N) generators TA (A = 0, 1, . . . , N2 − 1) satisfy the following relations:
[TA, TB] = ifABCT
C , Tr(TATB) =
1
N
δAB .
where the structure constant fABC is a completely antisymmetric tensor satisfying f0AB = 0.
Now, the Dirac brackets are replaced with the following (anti-)commutation relations
[X iA, P
j
B] = iδ
ijδAB , (i, j = 1, . . . , 7) ,
[ZA, PB] = [Z¯A, P¯B] = iδAB , (2.47){
λAα, λ
†
Bβ
}
= δαβδAB , (α, β = 1, . . . , 8).
Therefore, we can represent the conjugate momenta by differential operators
P iA = −i
∂
∂X iA
, PA = −i ∂
∂ZA
,
P¯A = −i ∂
∂Z¯A
, λ†Aα =
∂
∂λAα
. (2.48)
∗We assume that the topology of the membrane is sphere.
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Then we obtain the following expressions for supercharges as
Qα =
(
e
µ
12
Γ123τ
)
αβ
[(
−i(Γi)βγ ∂
∂X iA
− 1
2
fABCX
i
BX
j
C(Γij)βγ + fABCZ
BZ¯Cδβγ
−µ
3
3∑
I=1
XIA(ΓIΓ123)βγ −
µ
6
7∑
m=4
XmA (ΓmΓ123)βγ
)
λAγ
−
√
2
( ∂
∂ZA
δβγ − ifABCX iBZ¯C(Γi)βγ + i
µ
6
Z¯A(Γ123)βγ
) ∂
∂λAγ
]
, (2.49)
and its complex conjugate is given by
Q†α = −
(
e−
µ
12
Γ123τ
)
αβ
[(
−i(Γi)βγ ∂
∂X iA
+
1
2
fABCX
i
BX
j
C(Γij)βγ + fABCZBZ¯Cδβγ
+
µ
3
3∑
I=1
XIA(ΓIΓ123)βγ +
µ
6
7∑
m=4
XmA (ΓmΓ123)βγ
) ∂
∂λAγ
−
√
2
( ∂
∂Z¯A
δβγ + ifABCX
i
BZC(Γi)βγ − i
µ
6
ZA(Γ123)βγ
)
λAγ
]
. (2.50)
In this representation, the superalgebra becomes
{Qα, Qβ} = iµ
3
7∑
m=4
Mm+0 (ΓmΓ123)αβ − 2
√
2iϕAZ¯A
(
e
µ
6
Γ123τ
)
αβ
, (2.51)
{Q†α, Q†β} = −i
µ
3
7∑
m=4
Mm−0 (ΓmΓ123)αβ + 2
√
2iϕAZA
(
e−
µ
6
Γ123τ
)
αβ
, , (2.52)
{Qα, Q†β} = 2Hδαβ −
µ
3
3∑
I,J=1
M IJ0 (ΓIJΓ123)αβ +
µ
6
7∑
m,n=4
Mmn0 (ΓmnΓ123)αβ (2.53)
+i
µ
3
M890 (Γ123)αβ + 2
3∑
I=1
ϕAX
I
A (ΓI)αβ + 2
7∑
m=4
ϕAX
m
A
(
Γme
−
µ
6
Γ123τ
)
αβ
,
where the zero-modes of angular momenta are represented by
M IJ0 = −iXIA
∂
∂XJA
+ iXJA
∂
∂XIA
− i
2
λAΓ
IJ
∂
∂λA
, (2.54)
Mmn0 = −iXmA
∂
∂XnA
+ iXnA
∂
∂XmA
− i
2
λAΓ
mn ∂
∂λA
, (2.55)
Mm+0 = −
√
2i
(
XmA
∂
∂ZA
− Z¯A ∂
∂XmA
)
− 1
2
λAΓ
mλA , (2.56)
Mm−0 = −
√
2i
(
XmA
∂
∂Z¯A
− ∂
∂XmA
ZA
)
− 1
2
∂
∂λA
Γm
∂
∂λA
, (2.57)
M890 = ZA
∂
∂ZA
− Z¯A ∂
∂Z¯A
− 1
2
λA
∂
∂λA
+ 2 · dimU(N) . (2.58)
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and the constraint condition ϕA is expressed by
ϕA ≡ ifABC
(
X iB
∂
∂X iC
+ ZB
∂
∂ZC
+ Z¯B
∂
∂Z¯C
+ λB
∂
∂λC
)
. (2.59)
It is assumed that physical states should satisfy the constraint condition i.e., ϕΨphys = 0. Our
purpose is to study the ground state. Thus, we shall also restrict ourselves to the SO(3)×SO(6)
singlet satisfying
M IJΨphys = M
mnΨphys = M
m±Ψphys = M
89Ψphys = 0 , (2.60)
since the ground state should have no angular momenta. The discussion on the states with
nonzero angular momenta would be also possible, but we do not consider them in this paper.
Furthermore, the associated Hamiltonian is written down as
H =
1
16
{Qα, Q†α}
= −1
2
∂2
∂X iA∂X
i
A
− ∂
2
∂ZA∂Z¯A
+
1
4
fABCfADEX
i
BX
j
CX
i
DX
j
E (2.61)
+fABCfADEX
i
BZCX
i
DZ¯E +
1
2
fABCfADEZBZ¯CZ¯DZE
+
1
2
(µ
3
)2 3∑
I=1
(XIA)
2 +
1
2
(µ
6
)2 7∑
m=4
(XmA )
2 +
(µ
6
)2
ZAZ¯A +
µ
6
3∑
I,J,K=1
ǫIJKfABCX
I
AX
J
BX
K
C
+ifABCX
i
AλBΓi
∂
∂λC
+
1√
2
fABC
(
ZAλBλC − Z¯A ∂
∂λB
∂
∂λC
)
− iµ
4
λAΓ123
∂
∂λA
.
Hereafter, by the use of the supercharges, the Hamiltonian, the angular momenta and the
constraint condition, we will study the ground-state wave function analytically.
3 Supersymmetric Quantum Mechanics of Zero-mode Hamiltonian
In this section, we shall consider the zero-mode ground-state wave function. We can extract
the zero-mode part of the dynamical supercharges and the results are given by
Q(0)α =
(
e
µ
12
Γ123τ
)
αβ
[(
−i(Γi)βγ ∂
∂X i0
− µ
3
3∑
I=1
XI0(ΓIΓ123)βγ
−µ
6
7∑
m=4
Xm0 (ΓmΓ123)βγ
)
λ0γ −
√
2
( ∂
∂Z0
δβγ + i
µ
6
Z¯0(Γ123)βγ
) ∂
∂λ0γ
]
, (3.1)
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and
Q(0)†α = −
(
e−
µ
12
Γ123τ
)
αβ
[(
−i(Γi)βγ ∂
∂X i0
+
µ
3
3∑
I=1
XI0(ΓIΓ123)βγ
+
µ
6
7∑
m=4
Xm0 (ΓmΓ123)βγ
) ∂
∂λ0γ
−
√
2
( ∂
∂Z¯0
δβγ − iµ
6
Z0(Γ123)βγ
)
λ0γ
]
. (3.2)
The zero-mode Hamiltonian H(0) is obtained as
H(0) =
1
16
{Q(0)α , Q(0)†α } (3.3)
= H
(0)
B +H
(0)
F ,
where we defined the bosonic and fermionic Hamiltonians H
(0)
B and H
(0)
F by
H
(0)
B ≡ −
1
2
∂2
∂X i0∂X
i
0
− ∂
2
∂Z0∂Z¯0
+
1
2
(µ
3
)2 3∑
I=1
(XI0)
2 +
1
2
(µ
6
)2 7∑
m=4
(Xm0 )
2 +
(µ
6
)2
|Z0|2 , (3.4)
H
(0)
F ≡ −i
µ
4
λ0α(Γ123)αβ
∂
∂λ0β
. (3.5)
It is noted that the fermionic Hamiltonian for zero-modes is non-zero in the pp-wave case.
Therefore, the nature of the supergravity multiplet is not simple and contains non-trivial results.
The system described by the above zero-mode Hamiltonian resembles supersymmetric harmonic
oscillator, although the supercharges do not commute with the Hamiltonian†.
Here, let us study the spectrum of this system quantum mechanically. To begin, we decom-
pose the wave function as Ψ
(0)
B ⊗ Ψ(0)F . We would like to study the states of the system. We
have to study the energy eigenvalue problem
H(0)Ψ(0) = (H
(0)
B Ψ
(0)
B )⊗Ψ(0)F +Ψ(0)B ⊗ (H(0)F Ψ(0)F )
= (EB + EF)Ψ
(0) = EΨ(0) . (3.6)
Let us consider below the bosonic and the fermionic sectors, separately.
To begin, we would like to consider the eigenvalue problem for the bosonic zero-mode
Hamiltonian (3.4). The condition H
(0)
B Ψ
(0)
B = EBΨ
(0)
B can be easily solved since the bosonic
Hamiltonian describes a collection of bosonic harmonic oscillators.
† This system has already appeared in Ref. [8] as the Lagrangian for superparticles.
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Now, we shall introduce annihilation operators
aI0 =
i√
2
√
3
|µ|
(
P I0 − i
µ
3
XI0
)
, (I = 1, 2, 3) , (3.7)
am0 =
i√
2
√
6
|µ|
(
Pm0 − i
µ
6
Xm0
)
, (m = 4, . . . , 7) , (3.8)
b0 =
i√
2
√
6
|µ|
(
P¯0 − iµ
6
Z0
)
, (3.9)
and creation operators
aI †0 = −
i√
2
√
3
|µ|
(
P I0 + i
µ
3
XI0
)
, (I = 1, 2, 3) , (3.10)
am †0 = −
i√
2
√
6
|µ|
(
Pm0 + i
µ
6
Xm0
)
, (m = 4, . . . , 7) , (3.11)
b†0 = −
i√
2
√
6
|µ|
(
P0 + iµ
6
Z¯0
)
. (3.12)
These operators satisfy the following relations,
[aI0, a
J †
0 ] = δ
IJ , [am0 , a
n †
0 ] = δ
mn ,
[
b0, b
†
0
]
= 1 . (3.13)
By the use of the annihilation and creation operators, the bosonic zero-mode Hamiltonian H
(0)
B
can be rewritten as
H
(0)
B =
|µ|
3
3∑
I=1
aI †0 a
I
0 +
|µ|
6
(
7∑
m=4
am †0 a
m
0 + 2b
†
0b0
)
+ |µ| , (3.14)
where we note that the bosonic energy does not become zero due to the presence of the zero-
point energy. This zero-point energy plays an important role to ensure the positive definiteness
of the total zero-mode Hamiltonian, as we will see in the study of the fermionic sector.
As usual treatment, we can obtain all eigenstates and eigenvalues. The wave functions are
given as the products of Hermite polynomials. In particular, the ground-state wave function is
given by
Ψ
(0)
B0 =
( |µ|
3π
)3/4( |µ|
6π
)3/2
× exp
[
−1
2
· |µ|
3
3∑
I=1
(XI0)
2 − 1
2
· |µ|
6
7∑
m=4
(Xm0 )
2 − |µ|
6
|Z0|2
]
, (3.15)
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whose energy eigenvalue is |µ|, that is,
H
(0)
B Ψ
(0)
B0 = |µ|Ψ(0)B0 .
Thus, the bosonic zero-mode Hamiltonian has a lower bound as follows:
H
(0)
B ≥ |µ| . (3.16)
Next, we shall consider the fermionic zero-mode Hamiltonian (3.5). Here, we shall decom-
pose the complex spinor λ as
λ =
(
1 + iΓ123
2
)
λ+
(
1− iΓ123
2
)
λ
≡ λ↑ + λ↓ . (3.17)
By definition, λ↑,↓ should satisfy
iΓ123λ
↑,↓ = ±λ↑,↓ . (3.18)
Now, we can rewrite the fermionic Hamiltonian as
H
(0)
F = −
µ
4
(
λ↑0α
∂
∂λ↑0α
− λ↓0α
∂
∂λ↓0α
)
. (3.19)
Let us consider the zero-energy condition H
(0)
F Ψ
(0)
F = 0. For example, Ψ
(0)
F,0 = const. is a trivial
solution. A pair of λ↑ and λ↓ is also a solution
Ψ
(0)
F,0 = λ
↑
0αλ
↓
0β .
Similarly, the following states
λ↑0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
, λ↑0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
λ↑0α3λ
↓
0β3
, λ↑0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
λ↑0α3λ
↓
0β3
λ↑0α4λ
↓
0β4
, (3.20)
also represent zero-energy states. When we note that 4 components of λ↑α or λ
↓
α are non-zero,
the total number of the zero-energy states is 1 + 16 + 36 + 16 + 1 = 70. As a result, we can
represent the zero-energy ground-state wave function of the fermionic zero-mode Hamiltonian
as the linear combination of these states
Ψ
(0)
F,0 = c0 + c2λ
↑
0α1
λ↓0β1 + c4λ
↑
0α1
λ↓0β1λ
↑
0α2
λ↓0β2 + c6λ
↑
0α1
λ↓0β1λ
↑
0α2
λ↓0β2λ
↑
0α3
λ↓0β3
+c8λ
↑
0α1
λ↓0β1λ
↑
0α2
λ↓0β2λ
↑
0α3
λ↓0β3λ
↑
0α4
λ↓0β4 . (3.21)
Moreover, we can construct nonzero-energy states containing even number of spinors:
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• a state with the energy −µ,
λ↑0αλ
↑
0βλ
↑
0γλ
↑
0δ , (3.22)
• 6 + 16 + 6 = 28 states with the energy −µ/2,
λ↑0αλ
↑
0β , λ
↑
0αλ
↑
0βλ
↑
0α1λ
↓
0β1
, λ↑0αλ
↑
0βλ
↑
0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
, (3.23)
• 6 + 16 + 6 = 28 states with the energy +µ/2,
λ↓0αλ
↓
0β , λ
↓
0αλ
↓
0βλ
↑
0α1
λ↓0β1 , λ
↓
0αλ
↓
0βλ
↑
0α1
λ↓0β1λ
↑
0α2
λ↓0β2 , (3.24)
• a state with the energy +µ,
λ↓0αλ
↓
0βλ
↓
0γλ
↓
0δ . (3.25)
We can also construct the fermionic sector of the supergravity multiplet as follows:
• 4 + 4 = 8 fermionic states with the energy −3µ/4,
λ↑0αλ
↑
0βλ
↑
0γ , λ
↑
0αλ
↑
0βλ
↑
0γλ
↑
0α1
λ↓0β2 , (3.26)
• 4 + 24 + 24 + 4 = 56 fermionic states with the energy −µ/4,
λ↑0α , λ
↑
0αλ
↑
0α1λ
↓
0β1
, λ↑0αλ
↑
0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
, λ↑0αλ
↑
0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
λ↑0α3λ
↓
0β3
, (3.27)
• 4 + 24 + 24 + 4 = 56 fermionic states with the energy +µ/4,
λ↓0α , λ
↓
0αλ
↑
0α1λ
↓
0β1
, λ↓0αλ
↑
0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
, λ↓0αλ
↑
0α1λ
↓
0β1
λ↑0α2λ
↓
0β2
λ↑0α3λ
↓
0β3
, (3.28)
• 4 + 4 = 8 fermionic states with the energy +3µ/4,
λ↓0αλ
↓
0βλ
↓
0γ , λ
↓
0αλ
↓
0βλ
↓
0γλ
↑
0α1
λ↓0β2 . (3.29)
The resulting spectrum is listed in Table. 1. In the pp-wave case, these states are splitting with
an energy difference µ/4. The resulting 2(1 + 28 + 35) = 128 bosonic and the 2(8 + 56) =
128 fermionic states correspond to the bosonic and the fermionic sectors of the supergravity
multiplet in the flat case. It is confirmed that the above bosonic and the fermionic states
16
Energy −µ −3
4
µ −1
2
µ −1
4
µ 0 +1
4
µ +1
2
µ +3
4
µ +µ
Boson 1 28 35 + 35 28 1
Fermion 8 56 56 8
Table 1: Spectrum of the fermionic zero-mode Hamiltonian: The numbers of the states at each energy
level are listed. The above states form a supermultiplet under the action of the kinematical supersymmetries.
correspond to the supergravity multiplet in the flat case by noting that such states appear in the
expansion of the ground-state wave function in the flat case as λαλβ . . . = (λ
↑
α+λ
↓
α)(λ
↑
β+λ
↓
β) . . ..
These are the coefficients in front of the plane-wave in the flat case. If we take the µ→ 0 limit,
then the above states with non-zero energies should have zero energies, that is, all of them
should be degenerate. As a result, a 128 + 128 supergravity multiplet at the rest frame is
recovered.
Also, the resulting spectrum has the symmetry under µ→ −µ as noted in Ref. [8]. More-
over, the spectrum resembles that of superstring theories. That is, 1 + 28 + 35 or 8 + 56 looks
like the spectrum of NS-NS, R-R or R-NS sector, although we cannot give any definite physical
interpretation.
Furthermore, the fermionic Hamiltonian is not positive definite, but it is bounded as
−µ ≤ H(0)F ≤ +µ . (3.30)
The bosonic zero-mode Hamiltonian has a lower bound as denoted in Eq. (3.16) due to the pres-
ence of the zero-point energy |µ|. Thus, we can easily find that the total zero-mode Hamiltonian
is positive definite
H(0) ≥ 0.
Thus, the zero-energy ground state of the total zero-mode Hamiltonian can be uniquely con-
structed as‡
Ψ
(0)
0 = Ψ
(0)
B,µ ⊗Ψ(0)F,−µ
=
( µ
3π
)3/4 ( µ
6π
)3/2
λ↑0αλ
↑
0βλ
↑
0γλ
↑
0δ
× exp
(
−1
2
· µ
3
3∑
I=1
(XI0)
2 − 1
2
· µ
6
7∑
m=4
(Xm0 )
2 − µ
6
|Z0|2
)
, (3.31)
‡We have fixed µ positive. If µ is negative, then λ↑’s are replaced by λ↓’s.
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which satisfies
H(0)Ψ
(0)
0 = 0 .
Also, we can directly see that the above ground-state wave function is supersymmetric, i.e.,
Q
(0)
α Ψ
(0)
0 = Q
(0)†
α Ψ
(0)
0 = 0 when the zero-modes of the dynamical supercharges are rewritten in
terms of annihilation and creation operators as follows:
Q(0)α =
(
e
µ
12
Γ123τ
)
αβ
[
i
√
2
(√
µ
3
aI†0 (ΓI)βγ +
√
µ
6
am†0 (Γm)βγ
)
λ↑0γ (3.32)
−i
√
2
(√
µ
3
aI0(ΓI)βγ +
√
µ
6
am0 (Γm)βγ
)
λ↓0γ − 2
√
µ
6
(
b0
∂
∂λ↑0γ
− b†0
∂
∂λ↓0γ
)]
,
Q(0)†α =
(
e−
µ
12
Γ123τ
)
αβ
[
i
√
2
(√
µ
3
aI0(ΓI)βγ +
√
µ
6
am0 (Γm)βγ
)
λ↓0γ (3.33)
−i
√
2
(√
µ
3
aI†0 (ΓI)βγ +
√
µ
6
am†0 (Γm)βγ
)
λ↑0γ − 2
√
µ
6
(
b†0
∂
∂λ↓0γ
− b0 ∂
∂λ↑0γ
)]
.
One can see that the ground-state wave function (3.31) is a singlet under the SO(3)× SO(6)
as shown in Appendix A.
Now, we shall recall that the algebra of kinematical supersymmetries can be represented
by§
Q− = λ0 , Q
−† =
∂
∂λ0
. (3.34)
We can see that the above bosonic and the fermionic states form a supermultiplet under the
action of the kinematical supersymmetries. When we decompose the representation of the
kinematical supercharges as
Q− = Q−↑ +Q−↓ ,
Q−† = (Q−↑)† + (Q−↓)† ,
Q−↑ and (Q−↓)† (Q−↓ and (Q−↑)† ) lower (raise) the fermionic energy. It should be remarked
that the states with different energies belong to a multiplet because the supercharges do not
commute with the Hamiltonian.
The story does not end here and we have to discuss the contribution of nonzero-modes (i.e.,
off-diagonal elements of the matrix variables), which will be studied in the next section.
§The factor i can be absorbed into the infinitesimal parameter of the kinematical supersymmetry transfor-
mation.
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4 Nonzero-mode Ground-state Wave Function
In this section, we discuss the nonzero-mode Hamiltonian, its ground-state wave function and
evaluate the L2-norm of the ground state.
To begin, we shall consider the abelian part of the nonzero-mode Hamiltonian. According
to the similar discussion to that on the zero modes, we can easily show the following bounds:
HCB ≥ |µ|(N − 1) , −|µ|(N − 1) ≤ HCF ≤ +|µ|(N − 1) , (4.1)
where the lowest state of HCF is represented by
N−1∏
A=1
λ↑Aαλ
↑
Aβλ
↑
Aγλ
↑
Aδ .
Recalling that matrix variables are restricted to the Cartan subalgebra in the IR region, we can
say that the nonzero-mode Hamiltonian is positive definite in the same way as the zero-mode
Hamiltonian. Also, the associated ground-state wave function in the IR region is normalizable.
We would like to consider the ground-state wave function of the nonzero-mode Hamiltonian
including the interactions of non-diagonal elements of matrix variables. For this purpose, we
have to solve two differential equations QΨ = Q†Ψ = 0, but it is quite difficult to solve them
fully. In particular, the bosonic degrees of freedom for the SO(6) part seem difficult to study.
So let us truncate the bosonic variables X i and Z into XI (I = 1, 2, 3) (SO(3) part) and also
the 4-component spinors λ↑ and λ↓ into the 2-component ones, respectively. The truncation
of the fermionic degrees is needed for the cancellation of the zero-point energy in the abelian
parts of the nonzero-mode Hamiltonian. Such truncations modify the bounds of the abelian
parts in bosonic and in fermionic nonzero-mode Hamiltonians respectively as
HCB ≥
1
2
|µ|(N − 1) , −1
2
|µ|(N − 1) ≤ HCF ≤ +
1
2
|µ|(N − 1) , (4.2)
and the lowest state of the fermionic zero-mode Hamiltonian becomes
N−1∏
n=1
λ↑Aαλ
↓
Aβ.
Therefore the above truncation preserves the positive definiteness in the IR region.
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Now, the associated differential equations become simple forms
QαΨ =
(
e
µ
12
Γ123τ
)
αβ
[(
∂
∂XIA
− µ
3
XIA −
1
2
fABCǫIJKX
J
BX
K
C
)
· (−i(ΓI)βγλ↑Aγ)
+
(
∂
∂XIA
+
µ
3
XIA +
1
2
fABCǫIJKX
J
BX
K
C
)
· (−i(ΓI)βγλ↓Aγ)
]
Ψ (4.3)
= 0 .
and
Q†αΨ = −
(
e−
µ
12
Γ123τ
)
αβ
[(
∂
∂XIA
+
µ
3
XIA +
1
2
fABCǫIJKX
J
BX
K
C
)
·
(
−i(ΓI)βγ ∂
∂λ↑Aγ
)
+
(
∂
∂XIA
− µ
3
XIA −
1
2
fABCǫIJKX
J
BX
K
C
)
·
(
−i(ΓI)βγ ∂
∂λ↓Aγ
)]
Ψ (4.4)
= 0 .
We can solve the differential equations (4.3) and (4.4), and obtain a special solution for the
wave function of nonzero-modes
ΨG =
N2−1∏
A=1
λ↑Aαλ
↑
AβΨB , (4.5)
ΨB =
( µ
3π
)3(N2−1)/4
exp
[
−1
2
· µ
3
3∑
I=1
N2−1∑
A=1
(XIA)
2
+
1
3!
3∑
I,J,K=1
N2−1∑
A,B,C=1
fABCǫIJKX
I
AX
J
BX
K
C
]
. (4.6)
This solution is supersymmetric and has zero energy. Moreover, we can easily see that this
solution is an SO(3) × SO(6) singlet and satisfies the constraint condition (2.59). However
the function ΨB would not be square-integrable. In order to discuss the normalizability of this
solution, let us set N = 2 (i.e., SU(2) matrix model) for simplicity and evaluate the L2-norm
of the above ground-state wave function ||ΨG|| as
||ΨG||2 ≡
∫ ∏
I,A
dXIAΨ
†
GΨG
=
∫ ∞
−∞
dX11
∫ ∞
−∞
dX21 · · ·
∫ ∞
−∞
dX33 |ΨB|2
=
( µ
3π
)9/2
× I , (4.7)
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where the I is defined by
I =
∫ ∞
−∞
dX11
∫ ∞
−∞
dX21 · · ·
∫ ∞
−∞
dX33 e
2f0e2f1 , (4.8)
f0 ≡ −1
2
· µ
3
3∑
A,I=1
(XIA)
2
= −1
2
· µ
3
[
(X11 )
2 + (X21 )
2 + (X31 )
2 + (X12 )
2
+(X22 )
2 + (X32 )
2 + (X13 )
2 + (X23 )
2 + (X33 )
2
]
,
f1 ≡ 1
3!
3∑
A,B,C,I,J,K=1
ǫABCǫIJKX
I
AX
J
BX
K
C
= −X31X22X13 +X21X32X13 +X31X12X23
−X11X32X23 −X21X12X33 +X11X22X33 .
Here, we shall expand the f1 part formally and evaluate the integral as follows:
I =
(
3π
µ
)9/2 ∞∑
n=0
(2n+ 1)!
n!
[
1
4
(
3
µ
)3]n
. (4.9)
This formula is obtained by calculating several terms with lower orders in the expansion by
using the Mathematica. Though we have no analytical proof, we guess this formula (4.9) holds
for general terms. As a result, we can evaluate the square integral of the bosonic ground-state
as
||ΨG||2 = 1 +O(1/µ3) . (4.10)
That is, the normalizability condition can be at least expressed as the asymptotic series which
can be approximated with any amount of accuracy in the large µ limit. In fact, the convergence
radius of this series is zero and in this sense we can say that this series is an asymptotic series.
The nth partial sum of this asymptotic series does not converge as n → ∞. However when µ
is sufficiently large, we can take an nth partial sum for an appropriate finite n and calculate
an approximate value of I. In this sense, we can write I as
I ∼ 4π9/2e−(µ3 )
3
∫ (µ
3
)
3/2
0
dt et
2 − 2π9/2
(µ
3
)−3/2
.
Thus the corresponding wave function is not normalizable in the usual sense.
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We note that the n = 0 part corresponds to the kinematical contribution and that n 6= 0
parts to the dynamical contributions arising from non-diagonal elements of matrix variables.
In the IR region, the matrix variables are restricted to the Cartan subalgebra. Therefore the
system can be described by the abelian part of the Hamiltonian and the ground state is square-
integrable. If we consider a situation that the system flows from the IR region to the UV one,
then it might be understood that the dynamical effects coming from non-diagonal components
of matrix variables are turned on and tend to spoil down the normalizability of the ground-state
wave function. If we take the limit µ→∞, then we could sufficiently neglect contributions of
off-diagonal elements (dynamical effects). It is also noted that the above series tends to diverge
in the flat limit µ→ 0.
Finally, we have a comment toward the full ground-state wave function. In the above
derivation, we have truncated the bosonic and fermionic variables. But, it would be possible
to avoid the truncation of the fermionic degrees. In this case, it seems that the numbers of
the bosons and fermions are asymmetric. Our interpretations are as follows: First, it might be
possible to decompose the ground-state wave function into the bosonic and fermionic parts as
Ψ = ΨB ⊗ ΨF. It is no wonder since the fermionic Hamiltonian contains mass term and the
well-known argument in the flat space would not hold on the pp-wave. Therefore, if we suppose
that such decomposition is possible, then it is not necessary that the bosonic wave function is
identically zero. Second, the fermionic ground state might be completely determined by the
mass term. When we express the fermionic Hamiltonian by HF = H
Yukawa
F +H
mass
F , the vacuum
expectation value (VEV) is written as
(Ψ, HFΨ) = (Ψ, H
Yukawa
F Ψ) + (ΨF, H
mass
F ΨF) . (4.11)
The VEV of the Yukawa coupling term contains the term (ΨB, XΨB) and hence must vanish
due to the requirement of an SO(3) × SO(6) symmetry for the ground state. On the other
hand, it seems quite difficult to treat the full bosonic part. In particular, the treatment of the
SO(6) part seems hard to analyze. We also guess that the solution without the truncation of
the fermionic variables could be obtained by setting Xm, Z to zero in the full solution.
5 Conclusions and Discussions
We have considered the ground-state wave function of the supermembrane on the pp-wave by
introducing the complex-spinor notation (Spin(7)× U(1) formalism). The superalgebra of the
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complex supercharges has been also calculated.
The zero-mode Hamiltonian and its ground state have been intensively studied. In par-
ticular, we have shown that the zero-mode Hamiltonian is positive definite and explicitly con-
structed the unique supersymmetric ground-state wave function as the product of ground states
of bosonic harmonic oscillators and fermionic variables. This wave function is square-integrable.
The ground state for the zero-mode is splitting in contrast to that of the flat case, and the zero-
mode Hamiltonian has the string-like spectrum.
We have also investigated the nonzero-mode Hamiltonian and constructed an example of
the supersymmetric ground-state wave function for the nonzero-mode with the truncation of
variables in the N = 2 case. This ground state seems non-normalizable, but its L2-norm can
be defined by an asymptotic series. This series diverges since its convergence radius is zero.
The dynamical effects coming from non-diagonal elements of matrix variables are represented
as corrections with order 1/µ3. In the IR region, matrix variables are restricted to the abelian
part, whose ground-state wave function is normalizable. We might expect that the interactions
become stronger as the system flows from the IR region to the UV one. It might be considered
that these dynamical contributions tend to spoil down the normalizability of the ground state,
at least in our example of the ground state. It would be possible to obtain the full solution
without the truncation. It would be nice to proceed the study of the nonzero-mode further.
In particular, it is an interesting future problem to obtain the full nonzero-mode ground-state
wave function. If this is possible, then one can diagonalize the nonzero-mode Hamiltonian and
obtain the spectrum. Such results shed light upon the spectrum of the supermembrane in the
flat space. Also, the extension of our example to an arbitrary N is an interesting problem.
There exist other interesting future problems. The study of the Witten index for the ground
state [25] seems very interesting since the energy of bosons is different from that of the corre-
sponding fermions because the supercharges do not commute with the Hamiltonian. It would
be also nice to consider the supermembrane on less supersymmetric backgrounds as discussed
in [26].
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Appendix
A Proof for the SO(3)× SO(6) Invariance of the Ground State
We shall prove that the ground-state wave function (3.31) of the zero-mode Hamiltonian is
invariant under the SO(3) × SO(6) transformation. The orbital part of the total angular
momenta trivially vanish due to the expressions (2.54)-(2.58). The remaining problem is to
show that the spin part vanishes.
The spin part of (2.54) and (2.55) can be rewritten as
SIJ = − i
2
λ↑0Γ
IJ
∂
∂λ↑0
− i
2
λ↓0Γ
IJ
∂
∂λ↓0
, Smn = − i
2
λ↑0Γ
mn ∂
∂λ↑0
− i
2
λ↓0Γ
mn ∂
∂λ↓0
, (A.1)
since the matrices ΓIJ and Γmn commute with iΓ123 and the action of these matrices preserves
the chirality. The action of parts including λ↓ trivially annihilate the state. The spin parts
including λ↑ replace the λ0α0 with λ
↑
α(Γ
IJ)αα0 , (λ
↑
α(Γ
mn)αα0). It should be noted that the
matrices ΓIJ or Γmn should map λ↑ to other λ↑ or zero since the ΓIJ and Γmn are antisymmetric.
Thus, the spin part leads to zero due to the overlap of λ↑’s.
Next, we shall consider the spin parts (2.56) and (2.57), which are rewritten as
Sm+0 = −
1
2
λ↑0Γ
mλ↓0 , S
m−
0 = −
1
2
∂
∂λ↑0
Γm
∂
∂λ↓0
. (A.2)
We can easily see that these spins vanish on the ground state (3.31).
Finally, let us consider the spin part of (2.58), which is given by
S890 = −
1
2
λ↑0
∂
∂λ↑0
− 1
2
λ↓0
∂
∂λ↓0
+ 2 . (A.3)
The part containing λ↓ trivially annihilates the state. The action of the part written by λ↑
leads to the eigenvalue −2, which is canceled with the normal-ordering constant +2.
The extension of the above proof to the nonzero-mode ground-state wave function discussed
in the manuscript is a simple exercise.
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